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PREFACE | 


In the mathematics course of secondary schools students 
get acquainted with the properties of inequalities and me- 
thods of their solution in elementary cases (inequalities 
of the first and the second degree). 

In this booklet the author did not pursue the aim of 
presenting the basic properties of inequalities and made 
an attempt only to familiarize students of senior classes 
with some particularly remarkable inequalities playing an 
important role in various sections of higher mathematics 
and with their use for finding the greatest and the least 
values of quantities and for calculating some limits. 

The book contains 63 problems, 35 of which are provided 
with detailed solutions, composing thus its main subject, 
and 28 others are given in Sections 1.41 and 2.4, 2.3, 2.4 
as exercises for individual training. At the end of the 
‘book the reader will find the solutions to the given 
exercises. 

The solution of some difficult problems carried out indi- 
vidually will undoubtedly do the reader more good than 
the solution of a large number of simple ones. 

For this reason we strongly recommend the readers to 

perform their own solutions before referring to the solutions 
given by the author at the end of the book. However, one 
should not be disappointed if the obtained results differ 
from those of the patterns. The author considers it as 
a positive factor. 
When proving the inequalities and solving the given 
problems, the author has used only the properties of inequa- 
lities and limits actually covered by the curriculum on 
mathematics in the secondary school. 


P. Korovkin. 


CHAPTER 1 
Inequalities 


The important role of inequalities is determined by their 


application in different fields of natural science and engi- © 


neering. The point is that the values of quantities defined 
from various practical problems (e.g. the distance to the 
Moon, its speed of rotation, etc.) may be found not exactly, 
but only approximately. If x is the found value of a quanti- 
ty, and Az is an error of its measurement, then the real 
value y Satisfies the inequalities 


zx—|Ar|xSyx<ux-+ | Az |. 


When solving practical problems, it is necessary to take 
into account all the errors of the measurements. Moreover, 
in accordance with the technical progress and the degree of 
complexity of the problem, it becomes necessary to improve 
the technique of measurement of quantities. Considerable 
errors of measurement become inadmissible in solving 
complicated engineering problems (i.e., landing the moon- 
car in a specified region of the Moon, landing spaceships 
on the Venus and so on). 


1.4. The Whole Part of a Number 


The whole (or integral) part of the number x (denoted by 
[ x ]) is understood to be the greatest integer not exceed- 
ing z. It follows from this definition that [z] < z, since 
the integral part does not exceed xz. On the other hand, 
since [z] is the greatest integer, satisfying the latter ine- 
quality, then [z7] + 1> 72. 

Thus, [z] is the integer (whole number) defined by the 


inequalities 
[Iz] < « <i[z] + 1. 


For example, from the inequalities 


3an—4, 5c 7 <6, —2<—V2<—1, 5=5<6 


it follows that 
17 x= 


The ability to find the integral part of a quantity is an 
important factor in approximate calculations. If we have 
the skill to find an integral part of a quantity z, then taking 
[x] or [x] + 1 for an approximate value of the quantity z, 
we shall make an error whose quantity is not greater than 1, 
since 

0<2—Il[z)<[z]+ 1—I[z] = 1, 


O< [lz] +1—2< [rt] 4 1 — [az] = 1. 


Furthermore, the knowledge of the integral part of a quanti- 
ty permits to find ‘ value with an accuracy up to > 


The quantity [z] + = may be taken for this value. 


Yet, it is ere to note, that the ability to find the 
whole. part of a number will permit to define this number 
and, with any degree of accuracy. Indeed, since 


[Nz]<Ne<[N2]+1, 

then 
[Nx 
N 


N 1 
<p ty: 


Thus, the number 


[Nz] 
Way aN 


differs from the number z not more than by —_ . With large 


N the error will be small. The integral part of a number is 
found in the following problems. 


Problem 1. Find the integral part of the number 


4 4 1 
tal ta tata Vs . 


Solution. Let us use the following inequalities 
1<1<1, 


07</Pt<os, 
05</i<oe, 
05<// 1<05, 
04<Yt<05 


(which are obtained by extracting roots (evolution) with 
an‘accuracy to 0.1 in excess or deficiency). Combining them 
we get 


1+074+05+054+04<r%1< 
<1+0.8+ 06 + 0.5 + 0.5, 
that is, 3.4<2z< 3.4, hence, [z] = 3. 


In this relation, it is necessary to note that the number 
3.25 differs from z not more than by 0.15. 
Problem 2. Find the integral part of the number 
1 1 1 1 
= 1+ ——+—~+—=+...4+—_—_— .. 
pt V2 r V3 T V4 aeeeer 1 000 000 
Solution. This problem differs from the previous one 
only by the number of addends (in the first, there were only 
© addends, while in the second, 1000, 000 addends). This 
circumstance makes it practically impossible to get the 
solution by the former method. 
To solve this problem, let us investigate the sum 


Ae ae ye eae 
and prove that 
2Vn+1—-2Vn<T-<2Vn —2Ynal. (1) 
Indeed, since 
2Vnti—2Vn = 2a Vo (Vetit+ Ve) _ 


Va+i+ Vn 


Sg ee a 
7 Vatit Va 
3 


ess ew ee 


A Ee Ee rn eee er — =~ 


Le 


—— 


and 
Vn+i>YVn, 
it follows that 


2Vnti—2Vn <= ae 


Thereby proof has been made for the first part of the inequa- 
lity (1); its second part is proved in a similar way. 


Assuming in the inequalities (1) n = 2, 3, 4,..., n, 
we get 
— — 4 — 
2V3-—2V2<—~<2) 2-2, 
Ve tV eo 
aPrinpreraggenes es 


Bys= 2VT< te <2V7-2V5, 


2VnFI-2Vn< ae <2Vn—2V nat, 
Adding these inequalities, we get 
2Vn+1—2 he 
= <2 — 
<aptaat yet tye stVe 


Adding 1 to all parts of the obtained inequalities, we 
find 


ah ia ial La Hadi 
4 1 
4 Ti fas — 
= ae wWatywqr a 


Since 2V2<3, and Yn+1>Yn, it follows from the 
inequalities (2) that 


—=-<2Vn—1. (2) 


1 


_ 1 { 

Sa ee Va Vee | b 4 
te <2 Vn. (°) 
10 


ce eS A 


re ee eee 


Using the inequalities (3) we can easily find the inte- 
gral part of the number 


1 4 | 
sttogtagtagt- tae 
Thus, taking in the inequalities (3) n= 1000000, we get 
2 V 1.000 000 — 


<2V 1000000 —1, 


<1tay i tT 75 7a ens RoE 
or 
| 1998 < y < 1999. 
Hence, [y] = 1998. 

From the inequalities (2) it follows that the number 
1998.6 differs from y not more than by 0.4. Thus, we have 
calculated the number y with an accuracy up to mca Z % = 


= 0.02%. The numbers 1998 and 1999 differ from the num- 
ber y not more than by unity, and the number 1998.5 differs 
not more than by 0.5. 

Now let us examine the next problem of somewhat diffe- 
rent pattern. , 


Problem 3. Prove the inequality 
13.5 99 4 


Since 
1 2 3 4 5) 6 99 100 
BAB) ES5) TST 00 ~ tor? 
it follows that x<cy and, consequently, 
2 3 4 5 6 99 100 1 
OF pes Be ea eee 
COU SS E'S S78 T0010 tor 
Finding the square root of both members of the inequalities 
yields 
| << < 0.1, 
ar 
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Exerctses 


1. Prove the rad 
2Vnti—2Vm<—_— Va tt 
4 _ ——— 
bape <2 Vn 2V m1. 


2. Prove the sia ak 


1,800 kee ae 
< Daa T ai are tae 000,000 
< 1,800.02. 
3. Find [50z], where 
_ 1 { 1 
~ YW0,000 = V10,001 Ts TSG o00 


Answer. [50z] = 90,000. 


4. Prove the following inequality using the method of 
mathematical induction 


—enmore -— 


1.2. The Arithmetic Mean and the Geometric Mean 


If z,, zr, ..., %, are positive numbers, then the numbers 


formed with them 


a= ry+tg+..++2n 
n ? 


Q=/ Tlq... Lp 


are called, respectively, the arithmetic mean and the geo- 
metric mean of the numbers 2,, 2, ..., Y,- At the begin- 
ning of the last century, the French mathematician O. Cau- 
chy has established for these numbers the inequality 


gx 4, 


often used in solving problems. Before proving the inequali- 
ty we have to establish the validity of an auxiliary assertion 


12. 


Theorem 1. Jf the product n of the positive numbers 2,, 
Le, - ++, Ln is equal to 1, then the sum of these numbers is 
not less than n: 


LiLo, + 6 09 MH 1isatrat.. tae en. 


Proof. Use the method of mathematical induction!. First 
of all check up the validity of the theorem for n = 2, i.e.. 
show that 


VE ee BO i ee ma 


Solving the question, examine the two given cases separa- 
tely: 


(1) CS a7 1, | 
In this case x, -+ x, = 2, and the theorem is proved. 
(2) | Ore A ee a. 


Here z, < 1, and x, > 1, since their product is equal to 1. 
From the equation 


(1 — z,) (te, — 1) = 2, + 2% — 24x, — 1 
it follows that 

ty + Ly = 2X, + 1 + (1 — 2) (2, — 1). (4) 
The equation (4) has been established without limitations to 
the numbers x, and z,. Yet, taking into account, that 
LX, = 1, we get 

tj +22 = 2+ (1 — x) (x, — 1). 

At length, since z;< 1<z,, then the last number is 


positive and z, + xz, > 2. Thus, for n = 2 the theorem is 
already proved. Notice, that the equation 


Ly - Lo = Zz 
is realized only when z, = z,. But if 7, ~ z,, then 
Ly + Ly > 2. 


Now, making use of the method of mathematical induc- 
tion, assume that the theorem is true forn = k, that is, sup- 


1 More detailed information concerning mathematical induction 
is published in the book by I. 8. Sominsky “The Method of Mathemati 
cal Induction”, Nauka, Moscow, 1974. 
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pose the inequality 
t+ tz+a,+...+ 4, Sk 
occurs, if z,7,.7,...2, = 1, and prove the theorem for 
n=k-+ 1, i.e. prove that 
ty + hy t Ug... + Xp + May SA+!, 
Wy P5ls.6 «0 Xela = Ty foray 0, ey. 0,25 0, 
XL, > 0, x4, > 0. 
First of all, it is necessary to notice that if 
Dit sbe ny es SLs 

then there may be two Cases: 


(1) when all the multipliers z7,, z,, %5, ..., Zp,» Tp+ 1 are 
equal, that is 7 


RD IN me 6 gs eR SR 
(2) when not all multipliers are equal. 


In the first case every multiplier is equal to unity, and 
their sum equals & + 1, that is 


ty + lg + Xgp--- + Xp t+ My =A + 1. 


In the second case, among the multipliers of the product 
L14Ly... LpLp+1, there may be both numbers greater than 
unity and numbers less than unity (if all the multipliers 
were less than unity, then their product as well would be 
less than unity). 

For example, suppose 7, < 1, and 2,4, > 1. We have 


(UyLp41) Volg... Ty = 1. 
Assuming Y, = 212,41, we get 
Vile, 6041: 
Since here the product k& of positive numbers is equal to 


unity, then (according to the assumption) their sum is not 
less than k, that is 


Ypt Ll, +tg+... +t, Bk 
But 
Ty Ty + Ly... + TR Tet = 
= (y+ % + ag t+... +t) + yy —W t+ 41S 
Sh + fpti — UW + ty = (A411) 4241 — I + 4 — 1. 
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Remembering that y, = +,7,4, we get 
Ly t+ tg +g +... Lp + Lat, S 
= (hk + 1) + pty — 4Xp44 + 4-1 = 
= (k + 1) + (@a4+1 — 1) (1 — 2). 
Since x, <1, and 2,4, > 1, then (a4, — 1) (14 — 2.) > 0 
and, hence, 
$A ay ay ew ey heey 
Skt + @mai-)d-a)>kt 4. 
Thus the theorem is proved. | 
Problem 1. Prove, that if 7, 7,, 3, . . ., Zp, are positive 
numbers then 
at aa ee 
the equality being valid only when 
EF he = ee wa: 
Solution. Since 


2 ass Sieh Os 
Zo 3 °° LH xy : 


then the inequality follows from Theorem 1, the sign of 
equality holds only when 


2 et ON ee 
r9 ago er, 
namely, when 2, = 7%, =2%,;=...=@Zp. 
Problem 2. Prove the inequality 
x?+ 2 D) 
V2+i a 
Solution. We have 
get+2 £441 1 af 24 1 
Vesti Vrti° V2+i = Vetere: Vai | 


Since the product of addends in the right-hand member of the 
equality equals unity, then their sum is not less than 2. 
The sign of equality holds only for z = 0. 


Problem 3. Prove that for a> 1 
log a + log, 10 > 2. 
15 


Solution. Since log, 10-log a = 1, then 
log a+ log, 10 = log a -+- ea 


Problem 4. Prove the inequality 
x? 1 
1-+<x4 << : 


Solution. Divide by x? the numerator and denominator 
of the left-hand member of the inequality: 


a 4 
ee ee | ° 
v ate 
a 1.4 
Since =r = 1, then sr +2 >2 and, hence, 


1 1 


1 20 
a 


x 


Now let us prove the statement made at the beginning 
of the section. 

Theorem 2. The geometric mean of positive numbers is 
not greater than the arithmetic mean of the same numbers. 

If the numbers 2x1, 3, ..., Z, are not all equal, then 
the geometric mean of these numbers is less than their arithmetic 
mean. 


Proof. From the equality g=y 42 ...2n it follows 
that 


nr 
- x x xv wv 4 & 
Aide Fe MES, a. ae UR 5 ey 
§ 8&8 g 


Since the product n of the positive numbers equals 1, 
then (Theorem 1) their sum is not less than n, that is 
Sack I ei 
- -- - +... F Nn. 
Multiplying both members of the last inequality by g and 
dividing by n, we get 
Ty+2g--... +8p eg. 


n 


= 


16 


‘ he a 
— ane 


iin 


Notice, that the equality holds only when tat 


==, that is zy==%=...=-2%,~=g. But if the 
numbers 2, %q,.--,2%n are not equal, then 
a> g. 


Problem 5. From all parallelepipeds with the given sum 


of the three mutually perpendicular edges, find the parallele- 
piped having the greatest volume. 


Solution. Suppose m =a-+ b+ c is the sum of the 
edges and V = abc is the volume of the parallelepiped. 


Since 
= es b - 
YV=) ec e 
then VK. The sign of equality holds only when a= 
=b=c= 3, that is, when the parallelepiped is a cube. 


Problem 6. Prove the inequality 


n< ( y°, n>2. (5) 


Solution. Using Theorem 2, we get 


Va es ee 


= = 
_ (n+i1)n n+l 


an aa: 
Raising to the nth power both parts of the last inequality, 


we get the inequality (9). 
Definition. The number 

{ 

OL 


: =a es) 
_ n 
is termed the mean power of numbers a,, a,, ..., @, of the 
order a. Particularly, the number 
Q4-+ Ag +++ + an 
n 
is the arithmetic mean of the numbers a, ay, ..., @,, the 
number 


C, == 


{ 
2 2 2.79 
a, +45 -- -.. a) 2 
pe “a 


2—0866 | 17 


7 Seo 


a LTO A A 


oan nel an 


So pe ET SLL LT 


is named the root-mean-square, and the number 


n 


pm (ik ee 


is called the harmonic mean of the numbers a,, a,, ..., Gn. 


Problem 7. Prove that if a,, a,, ..., @, are positive 
numbers and a< 0< f, then 
Ca <= g < CRs (6) 


that is, the mean power with a negative exponent does not 
exceed the geometric mean, and the mean power with 
a positive exponent is not less than the geometric mean. 


Solution. From the fact, that the geometric mean of 
positive numbers does not exceed the arithmetic mean, 
we have 

afay-+.. nai 
Y ataz... ae ayas . ans " n 


Raising both parts of the last inequality to a power — and 


taking into consideration, that —< O, we get 
1 
ay--ag+...+a% \a@ 
= Ody... dn , Qn oo = Cq- 

So the first part of the inequality (6) is proved; the second 
is proved in a similar way. 
t From the inequality (6) it follows, in particular, that 
the harmonic mean c_, does not exceed the arithmetic 
mean ¢}. 


Problem 8. Prove that if a,, a,, ..., @, are positive 
numbers, then 
1 


(a+ 2+... +n) (S++. +) De’. 


Solution. Since c_j}<g<c,, then 
C4 = 2, -< StS = cy. 
age eG 
It follows from this inequality that 
{4 1 1 
nN? < (Ay + dg +... + Gn) (<-+<-+ foe +—). 


18 


Problem 9. Prove the inequality 


HO Giec sO Os te oe a, (7) 
where a, > 0, a@, >0, ..., @ > 0. 


Solution. Since the geometric mean does not exceed the 
arithmetic mean, then 


ae eee nr n n 
ye nn n a¢+Ag+...+a, 
Qidg...An= a1{ag ... A, <———___.. 


n 


Multiplying both members of this ineq ugly by n, we shall 
get the inequality (7). 
From the inequality (7) it follows, that 


240g <a, + Ag, 3A4a943 <a; + a; +43, 
440,030, <at+a}-+aj+ aj, 
that is, the doubled product of two positive numbers does not 


exceed the sum of their squares, the trebled product of three 
numbers does not exceed the sum of their cubes and so on. 


1.3. The Number e 


The number e plays an important role in mathematics. 
We shall come to its determination after carrying out the 
solution of a number of problems in which only Theorem 2 
is used. 


Problem 1. Prove that for any positive numbers a, J, 
(a = b) the inequality 


POY a a A ~ 


is true. 
Solution. We have 


n 


SS 
mY abe =" abb...b< a+-b+060-+...+06 __a-+nb 
eae aoa a n-+-1 n+1 ’ 


n 


and that suits the requirement. 


Problem 2. Prove that with the increase of the number 
n the quantities 


ln = (4 +=)" and 2, = (1——)" 


2* 19 


increase, 1.e. 


y| ynti 
tm < ta (1 +57) ; 
1 
Zn <2n+1 = (1 ——)" 
Solution. Setting in the inequality of the previous prob- 


lem a1, b=1+—, we get 


1-+n ee 
Y/ 1-(1 ++ \b< Bal a 29 ee 


Raising both parts of the inequality to the (n-+1)th power, 
we shall obtain 


(1 +2)"<(t+—)"", that is: n= casa: 


The second inequality is proved in a similar way. 
Problem 3. Prove that 


Yr = (1 +—)"™ 


decreases with the increase of the number n, that is 


Yn > Yni = (1+— n+1 rr" 


Solution. We have 
: =(1-t)' = (44 ———e 
~ n n 


1 =: 
m 7 nn cn oe yn —_ Zn4+4 
n-+-4 
(see designations of Problem 2). Since z, increases with 
the increase of the number n, then y, decreases. 


In Problems 2 and 3 we have proved that 
1\1 { 1 \2 
=(14+7) =2<m=(t+z) = 
S20 Ne ee = ee 


w=(14+5) =4>n= 
=(1+5)'=3.375 >yy>... >on > ae 


20 


On the other hand, 


2=2y<am=(4 +—)"< (1-+-—)P = yn<m=4. 


Thus, the variable x, satisfies two conditions: 


(1) z, monotonically increases together with the increase 


of the number n; 

(2) zx, is a limited quantity, 2 < x, < 4. 

It is known, that monotonically increasing and restricted 
variable has a limit. Hence, there exists a limit of the 
variable quantity z,. This limit is marked by the letter e, 
that is, 


e= limz,= lim (1 +—)". 

n->oo n—-+>oo 
As the quantity z, increases reaching its limit, then z, is 
smaller than its limit, that is 


in =(1+--)"<e. (8) 


It is not difficult to check that e< 3. Indeed, if the num- 
ber n is high, then 


a ee (1 i =) — 2.985984. 


Hence, 
e= limz, < 2.985984 < 3. 
Tl» CO 

In mathematics, the number e together with the number x 
is of great significance. It is used, for instance, as the base 
of logarithms, known as natural logarithms. The logarithm 
of the number N at the base e is symbolically denoted by 
In N (reads: logarithm natural NV). 

It is common knowledge that the numbers e and m are 
irrational. Each of them is calculated with an accuracy of 
up to 808 signs after the decimal point, and 


e = 2.7182818285490 .... 


Now, let us show that the limit of the variable y, also 
equals e. Indeed, 


im p= Bim (1-4 2)" im (L4+-4)" (14-4) = 
=e-l—=e. 
21 


~~ ee te ee 


Since y, diminishes coming close to the number e (Pro- 
blem 2), then 


(1 +2)" >e. (9) 

Problem 4. Prove the inequality 
n! > (=)". (10) 
Solution. We shall prove the inequality (10) using the 


method of mathematical induction. The inequality is easily 
checked for n = 1. Actually, 


1 
4{t=1> (—) : 
Assume, that the inequality (10) is true for n=—k, that is 
k\k 
M>(z)- 


Multiplying both members of the last inequality by k+ 1, 
we get 


, hk \k k--41 \R+1 
(k-+ 1) k= (k+ 1)! >(=) (k+1) = ( : — >. 
(1+) 
Since, according to the inequality (8) (1 “| =)'<e, then 


(k+tyt> (LAYS Sa (EY, 


e é 4 


that is the inequality (9) is proved for n = k-+ 1. Thus 
the inequality (9) is proved to be true for all values of n. 
Since e< 3, it follows from the inequality (9) that 


n> (4) 
By means of the last inequality, it is easy to prove that 
500! >> 1002, 
Indeed, setting in it nm == 300, we get 
3001 > (=P) = 10080, 
22 


NE oa Ne OE oe eS 


— 


The inequality 
nl 2 (a=) 


is proved completely the same way as it is done with the 
inequality of Problem 4. 


1.4. The Bernoulli Inequality 


In this section, making use of Theorem 2 we shall prove 
the Bernoulli inequality which is of individual interest 
and is often used in solving problems. 


Theorem 3. If x > —1 and0O<a< 1, then 


(14t2)* <1+ az. (11) 
However if a< 0 or a> 1, then 
(A p)* 14+ ae. (12) 


The sign of equality in (11) and (12) holds only when « = 0. 

Proof. Suppose that @ is a rational number, bearing in 
mind that O<a< 1. Let a = ~, where m and n are 
positive integers, 1 << m<_n. Since according to the condi- 
tion, 1-+2 >0, then 


(A-+a)@=(1-+2)" = (ia) 1" = 
= (+a)(+2)...(¢+a)11...7< 
—_—_—_———— ee See 


m n-m 


etka) +(+ayt + ta)ttti+.. tt 


7Fe n 
_ m(1l-2)+n—m _ n+ me mio 


The sign of equality occurs only when all multipliers stand- 
ing under the root sign are identical, i.e., when 1 +- x = 1, 
x-=Q. But if x0, then 


(1 + x)*< 1 + ax. 


Thus, we have proved the first part of the theorem conside- 
ring the case, when a is a rational number. 
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DN a ae pie eee oe droped cance ce accede me Piaecies atcncscc cei Pac ct ct ematical een tata aah a at iin ata aia ate i a ee 


Assume now, that @ is an irrational number, O0< a< 1. 
Let ry, To, ---) Tn... be the sequence of rational numbers, 
having for a limit the number a. Bear in mind that O< 
<r, <1. From the inequalities 


(A Ae) ee). Cer, we eo ed 2. 


already proved by us for the case when the exponent is 
a rational number, it follows that 


(1-+-2)*= lim (4+ 2)’ < lim (1-}-rpz)=1-+ az. 
rae n7e 
Thus the inequality (11) is proved for irrational values of « 
as well. What we still have to prove is that for irrational 
values of a when x~0O and Ox a< 1 


(44+ 2)*< 1+ az, 


, that when x ~ O in (11), the sign 6f equality does not — 
hold. For this reason, take a rational number r such that — 
aa<r<i. Obviously, we have 


a 
(1+ x7)*=[(1-+ 2)7]’. 
Since 0<< = <1, then as it has already been proved 


a 
r 


(1--2)? <14—2. 


Hence, 
A payec (14% 2)" 
If x+~ 0, then (1+ z) <itr2=1+az, that is 
(1-+2)* <1 + az. 


Thus the first part of the theorem is proved completely. 
Now, move on to proving the second part of the theorem. 
If 1 + ax < 0, then the inequality (12) is obvious, since 

its left part is not negative, and its right part is negative. 
If 1 + ax >0, ax > —1, then let us consider both 

cases separately. 
Suppose a >> 1; then by virtue of the first part of the 
theorem proved above we have 
1 


(1+ ax)* <4 ++ ax==1-+-2. 
24 
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| 
q 
| 


et EE A sre eA 


ee 


Here the sign of equality holds only when z = 0. Raising 
both parts of the last inequality to the power a we get 


1-- ar¢< (1 + 2)*. 


Now let us suppose a < 0. If 1 + az < Q, then the ine- 
quality (12) is obvious. But if 1+ ax > 0, then select the 


positive integer n, so that the inequality — <1 would — 
be valid. By virtue of the first part of the theorem we get 
a 


(+2) *<1—a, 
me. A 


(1+ 2)" > Sil+ ps2 


{—_—-7% 
n 


2 
( the latter ‘inequality is true, since 1 >>1— *) . Raising 
both parts of the latter inequality to the nth power we get 
(+2)*>(1+— z\">1ine=1+a2. 
Notice, that the equality is possible only when zx = 0. 
Thus, the theorem is proved completely. 
Problem 1. Prove, that if 0 > a> —1, then 


(nm 41)ett— pert < nic eae eee Bc 


a+1 a+-1 ; (13) 


Solution. Since O0<ca+1<<1, then according to the 
inequality (11) we have 


a) a 


n 


Gad) ett, 


Multiplying these inequalities by n*+!, we obtain 
(n—1)ett <x n@t!—(a+1) n®. 


The inequalities (13) easily follow from these inequa- 
lities. 
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Problem 2. Prove, that if O>a>—1, then 
(n-+41)%+1_ m%+! 


a+1 
a+1 4\a+l 

<m%* 4 (m+1)% 4... ne (14) 
Solution. Setting in the inequalities (13)n=™m, 

m+1,...,nm, we get 
(m-+4)!+%_ mite 

11a 
(m-+.2)'+% (m+ 4)'t% 
1+ 

(m-+-3)'t%—(m+2)'*% 
1ta 1+a : 


(yaar te ape 
1+a 1-+-a@ 
Adding these inequalities we shall get the inequality (14). 
Problem 3. Find the integral part of the number 
1 1 4 1 
PS ETT TE + + p00 
Solution. Setting in the inequality (14) m=4, n= 
—~ 1,000,000, a=——+, we get 


BZ m1 +%__(m —1)1+@ 


<(m—1)"< 


3 
2 2 2 2 
4,000,004 2 —43 4,000,000 2? —33 
Fe eg eG 
a 3 


that is 
2 2 


2 2 
=. 1,000,004 ° 3.43 <a<s. 1,000,000 ee 


Since 
2 2 


2. 1,000,001 ® >. 1,000,000° = 10,000 =- 15,000, 
3 ran Er 3 ray 3 3/2 
2/6 =/ ss, SY I> s/8H3, 
then 


15,000 —4< x< 15,000— 3, that is 14,996< r1< 14,997. 
From these inequalities it follows that [x] = 14,996. 


26 


<i mt i I A A LCL FOL COLLIE EL 


—— eee eee 


a 


1.5. The Mean Power of Numbers 


In Sec. 1.2 before Problem 7 we have already named the 
number 

1 

107 a ao_ 

a ( A, +ag+...+4, 


n 


the mean power of order a of the positive numbers 4a,, 
Ao, .. +, An. In the same problem, it has been proved, that 
Cy = Ce, I Oe Op. 

Here, should be proved the validity of the inequality 
Ca < Cg any time when a < B. In other words, the mean 
power of order a is monotonically increasing together 
with a. 


Theorem 4. Jf a@,, @,, ..., @, are positive numbers and 
a< B, then cy < cg, andcy, = Cg, only whena, =a, =... 
eee 


Proof. For the case, when the numbers a and f have 
different signs the theorem has been proved above (refer 
to Problem 7, Sec. 1.2 and the definition prior to it). Thus, 
we have to prove the theorem only for the case when a 
and B have the same signs. 

Assume, that O< a< f, and let 


k=Cg = = 


( ay ay... ar * 


Dividing cs by k, we get 


Now, supposing 
m(E)s ae (BYP es dom (HE) 


we obtain 


Since 


( Atay Fen | 


n 
then 
dyt+dg+...+dy =e 
n 
Suppose 
dy = (tay. de SH tty. ok Gy = 1 Ee, 


1 
a 


ik 


i ay+ay+...+a% Ps 


d, +d, + sey ay ees 


From the equality d, + d,+...+d, =n it follows that 


ty+Xe+...-+2, = 0. 


On the basis of Theorem 3 (notice, that SS 1) we have 


® 6 
df =(142)* >it ta, 
8 n 

a 


Adding these inequalities, we get 


B 


dp age a 


From the inequalities (15) and (16) it follows that 
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B 
eid, nee B (ay + 22+... +27) =n. (16) 


of 


n 


4 
+ >(=) : Sl. <0 65. 


- ee 
ee ae 


manana 


It is necessary to note that cz, = k = cg only when the 
signs of equality occur everywhere in (*), that is when 


srk Sa er ae QO (Theorem 3). In this case dj = 
=e = d, = 1 and, hence, a, =a, =... =a, = 
== if But if the numbers @y, Ay, .. +, 4, are not identical, 
then 

Cg — Ca: 


Thus Theorem 4 is proved regarding the case when 0< 
<a< B. 


lfa<f< 0, then0O< Hee 1. Reasoning the same way 


as before, we get in (*) and (16) the opposite signs of ine- 
qualities. But since B< 0, then from the inequality 


Bf 8 
dp +d +...+d” 


n 


eel 


it follows that 


that is 
CB ak = Ca. 


Thus, Theorem 4 is proved completely. 

Further on we shall name the geometric mean by mean 
power of the order zero, that is, we shall assume g = Cy. 

Notice, that Theorem 4 is applicable in this case as well, 
since (see Problem 7, Sec. 1.2) cg g=Cy, if a< 0, 
and cg => g = Co, if B > 0. 

From the proved theorem it follows, in particular, that 


Cy~RCyRQey Cg, 


i.e. the harmonic mean does not exceed the geometric mean, 
the geometric mean in its turn does not exceed the arithme- 
tic mean, while the arithmetic mean does not exceed the 
root-mean-square of positive numbers. For example, if 


29 


— 


Gy = 1; a3:= 2, Gs = 4, then 
oy Ge ees le 3 12 
c1 = ( 3 y= car ee 
MeO NEE. 
Cy =i O4003 = 3/ 1-2-4=2, 


4--2-.4 
que 2a 238 ..., 


1 
2 2 29. 2 T_LZLARB ce 
a= (Att | 2/2 4/722 Oia: 


and therefore 


Ce ee eee a Op, Oy 10 ee Os, 
Problem 1. Prove, that 2? + y? + 2? > 12, if 
x+yt+z=6. 


Solution. Since the arithmetic mean does not exceed 
the root-mean-square, then 
1 
etyte —f wtytt2 \2 
ae ee ae 
that is 


etyt+e> err : 


2 
In our problem x? + y? + 2 >= = 12. The sign of equa- 
lity holds only when 7 = y = 2 = 2. 
Problem 2. Prove, that if z, y, 2 are positive numbers 
and 2? + y? + 22 = 8, then 
x -+ y+ 23 > 16 Ve 


Solution. Since ¢g<c¢ 3, then 


( = P| se Sa \" 


In our problem 


(Stir? yi s/s, 
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- saa A aN a a ire Pete tlie 


2 


sa nt i alain 


ie a San 


that is 


Bh wie 8 : aes ae. 
ety te >3 5 3 16 7 

Problem 3. Prove, that for positive numbers 4, @., 
Qs, .. +, An, the following inequalities are true 


(ay tagt... tan) <n‘ (af+tagt... tan), a>1, (17) 
(ay + dg+...+4n)*> 
Sn®-t(aftagt...+an), O<a<t. (18) 
Solution. If aw>1, then 
1 


a a a > 
io(22 2s rn) > APT Ten 


= C4. 
n 4 


The inequality (17) follows easily from this inequality. 
The inequality (18) is proved in exactly the same way. 


In particular, from the inequalities (17) and (18) it follows 
that | 


(x+y)*<2°"* (at@+y%), al, c>0, y>0, 
(a+ y)* >> 2%" * (2% + y%), O<a<l, «e>0, y>0. 


Problem 4. Prove, that if 7? + y® + 22 = 81, 
x>0, y>O0, z>0, then 


t+y+2<9. 
Solution. Since | 
(cx +y +2)? <3? (2 + y? + 2) = 9-81 = 729 
(the inequality (17)), then 
ttytz< i” 729 ao 
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CHAPTER 2 


Uses of Inequalities 


The use of inequalities in finding the greatest and the 
least function values and in calculating limits of some 
sequences will be examined in this chapter. Besides that, 
some important inequalities will be demonstrated here as 
well. 


2.1. The Greatest and the Least Function Values 


A great deal of practical problems come to various func- 
tions. For example, if x, y, z are the lengths of the edges 
of a box with a cover (a parallelepiped), then the area of 
the box surface is 


S = 2xry + 2yz + 222, 
and its volume is 
Vo 2yZ. 


If the material from which the box is made is expensive, 
then, certainly, it is desirable, with the given volume of 
the box, to manufacture it with the least consumption of 
the material, i.e., so that the area of the box surface should 
be the least. We gave a simple example of a problem cunsi- 
dering the maximum and the minimum functions of a great 
number of variables. One may encounter similar problems 
very often and the most celebrated mathematicians always 
nay considerable attention to working out methods of their 
solution. 

Here, we shall solve a number of such problems, making 
use of the inequalities, studied in the first chapter’. First 
of all, we shall prove one theorem. 


1 Concerning the application of inequalities of the second degree 
to solving problems for finding the greatest and the least values see 
the book by I.P. Natanson “Simplest Problems for Calculating the 
Maximum and Minimum Values”, 224 edition, Gostekhizdat, Moscow, 
1952. 
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Theorem 5. Jf a>0, a1, z>0, then the function 

1 
x*—aax takes the least value in the point x= (=) ie ' 
10 4 


a 
a—1 


equal to (1—a)(— 


Proof. The theorem is proved very simply for the 
case when @=2. Indeed, since 


Ce eee Geen ames 
x= ( y Z? 
the function has the least value when z = >> 0, this 


2 
value being equal to —. 


In case of arbitrary value of a > 1 the theorem is proved 
by using the inequality (12), demonstrated in Theorem 3. 
Since a > 1, then 

(1+ 2)*pitaz z>—(, 
the equality holding only when z = 0. Assuming here, 
that 1 + z= y, we get 
y* >l+ta(y—i), y%»¥—ayoei—a, yoo, 
the sign of equality holds only when y = 1. Multiplying 
both members of the latter inequality by c%, we get 


(cy)* — ac®-1 (cy) > (1 — a) c*% yoo. 
Assuming 
1 


a a-1 
x= cy and acé-!=a, c= (=) P 


we get 
a 
a—1 


x* — az >(1—a) c%= (1—a) (=) a 


1 
here the equality occurs only when z=c= (+) o ‘ 
Thus, the function 
z*—az, a>1, a>0, «S>0 
a 
a 


eo 
; z d= 
takes the least value in the point x= ( ) . , equal to 


o4 


(1— a) (=) *“" | The theorem is proved. 


3—0866 3d 


In particular, the function 22—daz (a—=2) takes the 
1 
a yr a 


least value = the point z= (+ zy» equal to 


“2-41 2 
(1 —2) (+) = ~— . This result is in accordance with . 
the conclusion, obtained earlier by a different method. The 


function «°— 27x takes the least value in the point 
1 | 3 


27 \ 3-1 = 
t= (+} =3, equal to (4—3) (=) ees 
Note. Let us mark for the following, that the function 
| az — 2% = —(xz% — az), 


where a > 1,a>> 0, x > 0, takes the - 
greatest value in the point 


equal to 


(a—1) (2 


a 


Fig. 1 


Problem 1. It is required to saw out a beam of the grea- 
test durability from a round log (the durability of the beam 
is directly proportional to the product of the width of the 


beam by the square of its height). 


Solution. Suppose AB =z is the width of the beam, 
BC = y is its height and AC = d is the diameter of the log 
(Fig. 1). Denoting the durability of the beam by P, we get 


P = kxy? = kz (a? — x?) = k (x — 23). 


The function d?z — x° takes the greatest value when 


3 


ee] 


Thus, the beam may have the highest (greatest) durability 
if the cue of its height to its width will be equal to V2 md 


wi4at, 


-Frotiem 2. Find the greatest value of the function 


y = sing sin 22. 


Solution. Since sin 2x = 2 sin x cos 2, then sin x sin 27= 
= 2cosz sin? x = 2 cosx (1 — cos? rz) = 2 (2 — 2°), where 
z =_cos xz and, hence, —1 << z< 1. The function z — 2 = 
=% (1 - — 2°) takes a peeve Se when —1<2< 0, 


. Fig. 2 


is equal to 0 when z = O and takes a positive value when 


O<z<1. Therefore, the greatest value of the function 
is gained in the interval Oi 1 
It is shown in Theorem 5 that the function z — z°, z > 0, 
takes the et value in the point 
1 . 
4 \ 3-1 
=(4) | “Vi 


In this point 


od 4 
sin asin 22 = 22 1— 2’) =—~—|(1—- —+)=— >. 
( cl (1- 3 //3 
So, the function y = sin z sin 2x takes the greatest value 
in those points, where 2 = cosz = = and this value is 


Va 
equal to até 0.77. The graph of the function y= 


= sin x sin 2z is shown in Fig. 2. 
Problem..3. Find the greatest value of the function 
: ~y = cosz cos 2x. 


3* 35. 


Solution. The function y¥ = ¢os x cos 2x does not exceed 
1, since each of the cofactors cos xz and cos 2x does not 
exceed 1. But in the points z = 0, +2n, +41, 


cos x cos 2x = 1. 


Thus, the function y = cos x cos 27 takes the greatest value 
of 1 in the points z = 0, +2n, +4n,.... The graph of 
the function y = cos z cos 2z is drawn in Fig. 38. 


Fig. 3 


Problem 4. Find the least value of the function 
xr® + ax, 
where a>0, a<0, 7 >0. 
Solution. Since a < 0, then according to the fee ual: 
ty (12) 
(4 + 2)* S14 az, 


and the sign of equality holds only when z = 0. Assuming 
1--z2=y, z=y—1, we get 


*>it+aty—1),, yoo, 


the sign of equality occurring only when y = 1. From the last 
inequality it follows, that 


y* — ay >1—a, (cy)* — ac®-1 (cy) > (1 — a) c®. 


Assuming a = —ac®-!, r = cy, we get 
a 


ee ee er ee (—_) a—1 


1 


the equality holding only when x= c= ( —— I : 
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Thus, the function z*-+-ax takes the least value in the 
point 


a a—-1 


a 
equal to (1—a) ( — \on' 
For example, the function 


1 
Te +27x, xr>0, 


takes the least value in the point 


This value equals 


(44)(Z) ms 


Problem 5. Find the optimum dimensions of a cylin- 
drical tin having a bottom and a cover (dimensions of a 
vessel are considered to be the most profitable, if for a given 
volume the least amount of material is required for its 
manufacture, that is, the vessel has the least surface 
area). 

Solution. Let V = ar’h be the volume of the vessel, 
where r is the radius, h is the height of the cylinder. The 
total surface area of the cylinder is 


S = 2ur? + 2urh, 


7 
: , then 


sr? 


S = 20r2-+ 2ur 


Since h= 


a 
are = 20r sere 
Assuming z= , we get 

S= anc? + 2Ve= an (2?+— x) : 


af 


The function ret 2, according to the solution of the 
previous problem, takes the — value when 


r= (4 aa =, 


Returning back to our previous jeaaiaiban we find 


3/9 | 
2st V Ttr2h h 
—_= meee Oe Se eed 
=a V/ » = On 2 eo 
h = 2?r =—d. 


Thus, the vessel has the most profitable dimensions, if the 
height and diameter of the vessel are equal. 


Exercises 


6. Find the greatest value of the function 2 (6 — zx)? 
when 0< xz < 6. 


Indication. Suppose y = 6 — z. 


7. From a square sheet whose side is equal to 2a it is 
required to make a box without a cover by cutting out a 
square at each vertex and then bending the obtained edges, 


Fig. 4 


so that the box would be produced with the greatest volume 
(Fig. 4). What should the length of the side of the ¢ cut- out 
squares be? 
8. Find the least value of the function 
| v°.-+ Ba? + 5, 
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9. Find the least value of the function — 
£8 — Bx? + 9. 
10. Find the greatest value of the function 
9% —ax when 0O<a<1, a>0, xr>0. 


11. Prove that, when x >0, the following inequality 
is true | 


_ eee on. | | 
12. Prove that, when n > 3, the following inequality is 


true 
a nH. 
Indication. Make use of the inequality (8). 
13. Find the greatest of the numbers 


| a ae ey 
14. Prove the inequality 
nf 2 | 
, VW n<i+ Va 
15. Prove the inequality 
(1 + a,) (1 + a,)...(4 4+ 4,) > 
Si+ta,+a,+...+ an, 


if the numbers a; are of the same sign and are not less 
than —1. 


16. Prove the inequality 
(a,b, + Ggb, +... + abn)? < 
< (ait ab... + ah) (E+ BF +... +8). (19) 
Indication. First prove, that the polynomial 
(a,x — b,)? + (a2 — b,)? +... + (a,x — b,)? = 
= a9 (a+ a4... +43) — 
— 2x (a,b, + a,b, +... + a,6,) + 
ea OP a BH) 
cannot have two different real roots. 
17. Using the inequality (19), prove, that the arithmetic 
mean is not greater than the root-mean-square, 
ag 


18. Prove the ee 
SS | ns i= nak 
A 
19. Using the inequality of Exercise 18, prove the inequa- 
lity 
{ 1 
1 ie, 2 4 ry oee ey a 

Vn+1+Vn—V2> tat VatotapE 
20. Find the greatest value of the functions 


3 
x 
TAYE 3 x8 — 0.6z1'°, 


3 
Answer. ————; 0.4. 
45/15 


21. At what value of a is the least value of the function 
— a 
Vtt+— equal to 2.0? 


Answer. a = 8. 


2.2, The Holder Inequality 


In Theorem 7, by means of Theorems 5 and 6, the Holder 
inequality is proved. This inequality will find application 
in solving problems. 


Theorem 6. Jf p> 1, ptant x>0, y>O, then 


ry <— = + a (20) 


Proof. By virtue of Gieorn OQ, i G1, oS 0, eS 0, 
then | 


Assuming in this inequality that a=p, a=py, we get 
2 


2 — (py) 2>(1—p) (4)? =p)? (24) 
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Putting these values into the inequality (21), we get 
a? — pye > — yt. 


Dividing all the members of the latter inequality by p and 
transposing the negative members to the opposite side, we 
get the inequality (20). 


Theorem 7. If a,, @,, ..., Qn, 01, bg, ..., bn are posi- 
tive numbers, and p and q satisfy the conditions of Theorem 6, 
then 


AyD, + dgbp +... +4ndn< 
<(at+ab+...+ah) 
Proof. Suppose 
at ag+...-an=A”, bj+03+...4+b,—= BF. 


Then the right member of the inequality (22) will be equal to 
1 4 


(AP)? (BI)? — AB. 


+ 1 
P q 


(Bi-+b3+...+07)%. (22) 


Now suppose 
a,= Ac, Ao = Aco, oeey Gx = AC, 


b, —- Bd, by —_ Bdg, ee ey bn + Bd. 
Since 


AP =aytagt...+an= 
= APcf + APch +... +APcp= AP (ci +eo+...+ cn), 

then 

chtept...for=i, 
In a similar way, it is checked that 

djit+d+...+d~1. 
Now using the inequality (20), we get 

cf aq 
a,b, = AB (cyd,)< AB (—-+—] 5 


pas | (*) 
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From these inequalities it follows, that 

Ab, + Agbg+... + 4nbn< | 

7 otc... te? dj+dj+...+d? 
pales a os) 


<AB - 
=AB(>+7)=48 


(let us recall that 
1 4 
F vale ks : cP 8 ... for=4, 


dj+d+...+dn=1). 


Thus, it is proved that the left-hand member of the inequa- 
lity (22) does not exceed AB, that is, does not exceed the 
right-hand member. | 

It is not, difficult to mark the case when the sign of equali- 
ty is valid in (22). Indeed, the sign of equality holds in (21) 
only when 4% 


(refer to Theorem 6). Just in the same way, the equality 
sign will be valid in each line of (*) only when 


Le ide aD. 
. p p p 
C(=dj, Cg=d2, cy Cn=adn , 
i.e., when 
p q .p op 


Finally, multiplying these equalities by A?’B’%, we get 
B4 (Ac,)” = A” (Bd,)?, that is, Bta} = Adj, 

a? AP a}, AP al AP 

bo BT BF 
Thus, in (22) the sign of equality is valid if 


aP Ss aP 


oe ee ee 
q q q 
Og of 


= - - aPC: eee 


ee aed 


te hee es ee en eh ee 


cee mai magn iit scat dain 


Note. Taking in the inequality (22) p = 2, q = 2, we get 
the inequality (19) (refer to Exercise 16): 


AyD + Mabe + a + dnbn< 
(pay ...+ai) Gort... +08). 


2.3. The Use of Inequalities for Calculation of Limits - 


In the following problems, the limits of quite complicated 
sequences are calculated by means of previously proved 
inequalities. 


Problem 1. Prove the inequality 
4 4 1 
sar <n (142) <7: (23) 
In(1+—) denotes the logarithm from. (1+—) with 
base e (see pp. 24-22). 
Solution. Combining the inequalities (8) and (9), we get 
4 \n 4\n+1 
(1+—)"<e<(1+—)". 
Finding the logarithm of these inequalities with base e, 
we finally get = 


| nin(4+—)<Ine=1<(n+1)In(4 +=) : 


4 4 4 
Problem 2. Assuming 
ea | 4 4 4 
a=1+5, 2.=5 tata 


re eee re ee 
Gag ty gee 
1 1 


{ 
‘Eire eee Mone OR 


find limz,. 


T-> 0O : : 


Solution. Substituting n—1 for n in the first member of 
the inequality (23), we get 


{<in(t+>7)=m 54. 
4 


ee ee en 


ee ie 


From this inequality and the second member of the inequality 
(23) it follows that 


In art 


srs ee (24) 


a 


Now, using the inequality on we write the inequa- 
lities 


1 n 
So In—— ; 


mn Sty MKT: 


Adding them and taking into consideration that the sum 
of logarithms is equal to the logarithm of the product, 
we get 
(n+ 1) (n-+-2) (n +3) ... (2n +1) 
In n(n-|-1)(n-- 2)... 2n a nee oes 
1 n(n-+1)(n+ 2)... 2n 
thet (n—1)n(n-+1)... (Q2n—1) ’ 


that is 
an-+1 1 4 
arrears =aie a an ~<In— —. (25) 
Since _ | 
an-+4 1 
5 =2+ mae then 
lim In 27! = im In (24— ) =In2. 
N+ 0 N+ OO 
Exactly in the same way from at 2 -f- — it fol- 


lows, that 
= In 2. 


lim In — 


n->oo 


2n 

—1 
Thus, the extreme terms of the inequalities (25) have the 
same limits. Hence, the mean term has also the same 
44 


limit, that is 


lim (++ aa +e) = lim z,=In2. 
Problem 3. Taking 2; = 1,2,=1—+,2;=1—5+4,-. 


4 4 1 4 1 god 
ey En Rg gg ke 


calculate lim zp. 


Noo 
Solution. We have 
4 


1 1 1 1 1 1 
og et gg MO oe on 


“(t4gtgtatstet tat) 
a(t) 
<(t4gtgtatytet:taertE)— 
—(1454+5+...42) =a tat. ta: 
In the previous problem, we have supposed that 
ma=etoote ty: 


Therefore, 22, = fee . But lim z,=I1n2 (refer to the 
n>o 


previous problem). Thus, 
lim 2a, = lim (zn — =) == In, 
Tl—> 0o N>oo n 


It is necessary to note also, that Zon44=Zen + 
hence, 


1 
Tat , and, 


im (tm +377) In 2. 


lim 23,4;= 1 
n—- oo n 


Thus, 


lim x, = In 2. 


n> co 


Note. The numbers 27, = a), 22 = @,+ 4g, 23 =a, + 
Qo + C3, - ++) Lp = A, +a, -+... +a, are termed 
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seen pcm A 


partial sums of the series 
Qa, +a,tagt...ad,p t+... 


The series is said to be convergent, if the sequence of its 
partial sums has a finite limit. In this case the number 
S = lim z, is called the sum of the series. 


N+ 0o : 
From Problem 3, it follows that the series 


1 1 4 1 1 1 1 
Pay Orig eee omer ae eee 


converges and its sum equals In 2. 
Problem 4. The series 


Lt ptatetee bob... 


is called harmonic series. Prove that the harmonic series 
diverges. 
Solution. According to the inequality (23) 


>In St aa 


Assuming n=1, 2, 3, ..., m, write m inequalities 


i>Ind, 


Adding them, we get 


4,4 { 2-3-4... (n44 | 
tits tote. fo In EE) Lin (n+). 


It follows from this inequality that 
lim z, >lim In(n +1) =0o 


n+ oo Ti~> 00 


hence, the harmonic series diverges. 
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Problem 5. Prove that the series a 
4 4 4 |. Ay 
tot pate totes (26) 
converges at any a>1. 


‘Solution. The sequence of partial sums of this series 


Peas 
t= 1+— = 9 
{ 4 
a ere 
4 4 4 
t,=1+ por Tam a 
1,14 4 
Ln = Ta toe > a coer 


is monotonically increasing, that is 
Dy ee he ae, | 
On the other hand, it is known that monotonically in-' 
creasing limited sequence of. numbers has a finite limit. 
Therefore, if we prove that the sequence of numbers 7, is. 
limited, then the convergence of the series (26) will be proved. 
as well. Suppose 


Se oes een eel ee 
(2n—2)* (2n—1)* (2n)%’ 
then (the numbers in each bracket are positive) 


Yon< 1. 
On the other hand, 
{ { 1,14 4 1 { 
= {—— 4 — — —_ 4+ —— =, + _ = 
sa - 7. - - ll = T One (2n)\% 


= (1+ aa tag ate ct Toa ane tesa get oe) 
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(s¢+ rc tat nee a ) -_ 
mf tatgtget gt get 7 — oa le 
“E(t ptt +) 
Since mm =1+S+—+ aver =, then 
ilies 
Now, since Zon > Zn, Yon<c1, then 
1 > Yan >t — t= a Ln 
Hence, it follows that 
in<g: 


that is, the numbers z, are limited when a>1. Thus, 
it is proved that the series (26) converges and its sum is 


not greater than 


Whe 
For example, if a=2, then 
ae ee a Tape a = 72 
pe Poggi ge eee aS gay 
; 1 1 1 
S=limt=1+ 57 +at+---+tagt---<2. 
nh» co 


In the course of higher mathematics it is proved that 


4 4 4 2 
S=1t+yt+ayt..-tat+...=4. (27) 


Havercises 


22. Find the sum of the series 
4 4 4 ecg 
DSS ar ae Po + (—1) se oes eos e 
Indication. Use the equality (27). 
2 


IU 
Answer. S = TT : 
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ee ag Sa aS Se 


23. Prove the inequalities 
O+1 : a+ 
fe a, eS 


24. Assuming 
In eA to* at... tn”, 
prove that 
nr 


lim oat got? a > 0. 


n+>oo hh 
25. Prove the inequality 

(46404 -}- Agbocy +... + Anbyln)? < 
<(ajtaz;+...+af) (Bi +b3+...+0i) (FP ++ ...+c¢%), 
if a;, b,, c, are positive numbers. 

Indication. Use the inequality (7) and the method 
given in (22). 

26. Assuming m=—tsa+acyt 554 i, whe- 


re k is a positive integral number, prove that 


lim z, =Ink. 


T—> co 


Indieation. Use the method of solving Problem 2 of the 
present section. 


2.4. The Use of Inequalities 
for Approximate Calculation of Quantities 


At the very beginning of Chapter 1, we have paid attention 
to the fact that practical problems require, as a rule, an 
approximate calculation of quantities and, as well, an abili- 
ty to treat’) such approximately calculated quantities. 
A more accurate estimation of such quantities will certainly 
permit to decrease errors in solving problems. 

In the present section, we are going to return to an appro- 
ximate calculation of numbers of the form 


Sne=setaage tet 


1/2 4—0866 AQ 


=. Oca<i, k<n. 
n 


In Sec. 1.1 we have succeeded in finding the number Sn, ; 
with an accuracy of up to 0.4 for k = 1, n = 1,000,000 © 


and a = + (refer to Problem 2). In the same section (see 


Exercises 2 and 3), for n = 10° and & = 10,000, we were 
able to find the number S,,; already with an accuracy of 
up to 0.01. The comparison of these two examples shows, 
that the indicated method of their solution yields much 
better results of calculation for greater values of k. 

In Sec. 1.4 (Problem 3) we found the integral part of the 


number S,,, for k = 4, n = 10° and q =-5. Thus, this 


number was also calculated with an accuracy of up to 0.9. 
However, we could not find the integral part of the number 
Sn,1 fora = = and n = 10° because the method of calcu- 
lation of such quantities, indicated in Chapter 1, did not 
permit doing it. In this section, we shall improve the method 
of calculation of the quantity S,,,. This improvement will 
make it possible to find similar quantities with a higher 
degree of accuracy quite easily. 


Lemma 1. Jf 2, > 2, > 2%, >>...>>2p, then 
O< AS 2,—4,+2,—42,+... + (—11 2, < XY. 
Proof. The number of positive terms in the written 
algebraic sum is not less than the number of negative terms. 
Besides this, the preceding positive terms are greater than 
the following negative term. This proves that their algebraic 
sum is positive, A > 0. On the other hand, since 
A = 2, — (2 —%3 + e*—... + (—1)"* z,) 
and the quantity in brackets is positive too, then A < 2. 
Thus, the lemma is proved. 
Lemma 2. Jf O0<.a< 1, then the following inequalities 
are true | 
2n+1)'-%—~(n+1)1-% 1 1 
Ao ee td 
(n+-1) (n+-2) 
4 Qn tag = 


a eae ee 


Proof. The inequality (28) follows from the inequality (14) 
(see Sec. 1.4, Problem 2) when substituting n -+ 4 for m, 
2n for n and —a for a. 


50 


Theorem 8. True is the equality 
1 We 1 
Sy Moa aa eee og 


aE As Sate ee ee a ea 


2—2% L(n+4)® © (n-+2)% (2n)* 
spite sg ee pt 99 
Da | ga 1 5a (2n)% |. (2°) 


Proof. We have 


Snr t+tagt.. ++ 


1 { 1 . 4 
ety rua Gye tae) ene | 


Adding and subtracting from the right-hand member of 
the equality the number 


gu" 4% " ge (2n)% 
we get 
Settee ae 
e Laetaet gt ss nea 


1 1 1 
— —__—— +... : 
Care, " (m- 2)" " oa 
The numbers of the first square brackets have a common 


factor —~. Taking it out of the brackets, we get 
gm : 


1 


— (2n)% 


4 4 
Sn Pgh aa ee 


thik dt k)- 


1 1 1 - 
—| ae ee aa |. 


Since in round brackets there is the number Sy,,, then 
4 1 | 


(n-+-1)% - (n+ 2)% eae fal 


—[1-34+—4 ogg = 


rn a cae 


x 


Hence, after multiplying by 2% and dividing by 2 — 2%, 
we get the equafity (29). 

The equality (29) is of interest because it brings the calcu- 
lation of the quantity S,,, to the computation of the quanti- 

| 1 

ty Son, ntz and the quantity 1 — ata = Wis ae 
The first of these quantities for great n is calculated with 
a high degree of accuracy by means of the inequality (28). 


Concerning the second quantity, we know from Lemma 1, 
a 

that it is less than zero and greater than — ——: But 

if we find the sum of the first four summands of the latter 


quantity, then the remaining quantity (the error) will be 
less than zero and greater than — — -———_. 

In the following problems we shall perform the calcula- 
tion of this quantity with a higher degree of accuracy as well. 

Problem 1. Find the sum 

1 4 1 
A = 4 To. fae. a eee oe 

accurate to 0.002. 

Solution. By virtue of Theorem 8 


— V2 1 { et _ 
An S5 (Gee types tt pa) 
V2_/,.2.,-4.., __3 ) = 
75 | Wat TT W2-406 ) 
{ 

=(V2+1) (sagt +e) 

= 1 
—(V24+1) (4 sata pe) = 
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where 
1 1 


1 
. vier Viera 1 Taree’ 
= a ee ee 
Vi V3 7 V2-408 © 


According to Lemma 2, the number B satisfies the inequa- 
lities 


2(V 2-105 1—Y 10° +1) <B<2(V2-10°—y 10°). 


The extreme numbers of the inequalities differ from each 
other by less than 3-10-*. Indeed, 


2 (V 108-1 —Y 10%) —2 (f 2-108 + 1-—Y 2-108) = 


(2 2 1 
tet + Vie 2400; 1+ Va406~ Vice 
{ VY2-1 1 
ee ee Se eee 3°10-4 
V/a108 73° 1,000 


Thus, the middle number will differ from the number B 
by less than 2-10-4*. Calculating the first number and 
subtracting from it 2-10-*, we get 


B = 828.4269 + A), 
| A, |< 2-10-47. 


Now, proceed to calculating the number C. Let m be an 
odd number. Estimate the quantity 


De rag i en 2 es 
i Vin Vm-+-1 Vm+2 ed V 2n 
For this reason, it is necessary to notice, that 
——— 2 
[eA Vike 
ea — VWeti+ Ve—1 
and 
a 2 
EL = SSS. — 
Vmpit Vm—1 Vm+i+ Vm + 


! 2 2 a 
- Vnt3s Vm+-1 — Vn+4 -4-- Vm--2 
oo 


— Vey V1 Vin Vin 


+Vm+VmF3—Vm+i-Vm+4t 
+Y¥m+24+...—V2n+1+V 2n—1=Vm— 
—V m—1+YV 2n—YV 2n+1. 


Thus, the number £ is quite easily calculated. Subtracting 
the quantity D from the quantity #, we get 


2 
E—D=(5— ae) - 


2 1 
—yacvE Vat) + 


Z 4 
( V2n-1—V2rn—1 Vn ). 
Demonstrate, that all the numbers in the brackets are posi- 
tive and monotenically decreasing. Indeed, 


SV Va Vd) 
VintitVm—t Va Vin (VnFi+Vm—1) 
2m —2 VWm2—1 


~ Vn Vii Vn OV Vai Va) 
2 


Vin (Ym 1+ Vm—1) (2 Vin + VmFit Vm—t) x | 
x (m+ Yim?— 1) 
Hence, it is proved, that such numbers are positive and 


monotonically decreasing with the increase of m. According 
to Lemma 1 


O< E—-D< 


2 
“Valais V0 Va PV ye 
x (m + Vm?—1) 


We shall not make a great mistake, substituting m for the 


numbers m + 1 and m — 1 in the denominator. Here, we get 
2 4 
0 EB aaa! D Pe eee oe ee ee 
= = Vm-2Vm-4 Vm-2m = 
8 2 


“mm 
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cr ne tna eg 


ee 


Taking m=9 we get 
— 0<E—D< zz < 0.0006. 
This proves, that when m=9 and n=108 
£ — D= 0.0003 + Az, | A,|< 0.0003, 
D=E—0.0003 +A,=V9—YV 8+YV2-108— 
—|/ 2.10°+ 1— 0.0003 + A, = 0.1710 £ Ag, 
Now let us return to the quantity C. We have 


Ye pe eg 

COTE Vays Vet vat 
4 4 1 1 1 

=I WE Vs Vi V5 Ve? 

tag apg t 0.1710 + Ae 

eee Oy gree re eae ea a 

siepvaa +2) tanh ae ae aa 


$0AM0+ d= 5—2P 4 Ey VV Vy 
+-0.1710 + Ay. 


Thus, for the calculation of the number C with an accuracy 
of up to 3-10-+ it will be required to find only 5 roots and 
to produce a number of arithmetic operations. Using the 
tables and carrying out necessary calculations, we find 


C = 0.6035 -E Ag. 


Taking into consideration the found quantities B and C, 
and returning to the quantity A, we get 


A=(V2+ 1) (B—C) = (V2 + 1) (827.8226+A,) = 


= (V2+ 1) -827.8226 + 2.5Azg, 
where 


| 2.5A3 |< 2.5 (| Ay |-+ | Ag |) < 2.5-5-10-*# < 2-10-°. 


Thus, the calculation with an accuracy of up to 2-10-° 
will be 


A = (V2 + 1) 827.8226 = 1998.539. 
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Problem 2. Calculate the number 


4 1 
A=1 —— eas = 
+az+ ea ar? 1012 
with an accuracy of up to unity. 
Solution. By virtue of Theorem 8 
= V2 ( { 1 
29/2 NY 1081 7 y 1022-2 ay eels y 2-102 
ie 
YE tate tae es 
2—7/2 V3 y 2-4012 


The first term can be easily found and with a high degree 
of accuracy by means of the inequalities (28). By virtue of 
these inequalities the first term can he substituted by the 
number 


eo 


3 


deg 9\4 2)4 
ay? CAO) 00) = 409 (978 4 v2 * 1099 
eee i 78 oe 2-72 = 


By virtue of Lemma 1 the sum 


ee ee ae 

2.279 V2 Y3 —° 2-408 

is positive and is not greater than the first term. Since the 
term is less than two, then 


4109 -2< A < 4-109, 


The extreme numbers differ from each other by 2, and from 
the number A by less than 2. The middle number 4 109 — 1 
differs from A by less than unity. Substituting this number, 


we get 
A = 1333333332.3 + A, | A |< 1. 


Notice that the accuracy of calculating the number A, con- 
taining a trillion of addends, is extremely high. The relative 
error is less than 


100 : 1333333332.3 < 0.0000001 %. 
06 


Exercises 


27. Calculate (with an accuracy of up to unity) the sum 
1 { 1 
4 ay aaa ray pee e>e 2 -— 


Answer. 14,999. 


28. Show that the equality 
4 — 


4 4 4 nee 
Sir ae cue ag 1—a =C + Bn 


is true, where f, is an infinitely small quantity, lim 8B, = 0, 


N-> oo 


and 


a 1 1 1 ni i |. ; 
| oat ae ga ee) era ees 
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SOLUTIONS TO EXERCISES 


de ‘ties in the inequalities (1) (p. 9n=™m, 
m+ 4, n: 


es ee We <2Vm—2YV m—1, 
2VmF2—2V m+ 1 << 2V mpi —2V m, 
m 


2Vm+3—2Vmpo<— Vm 2—2V mol, 
Vm+2 

2V nA 2y na 

Adding these aa we ~ 


1 
2Vn+ n+1—2Vm<—— Va Vast 


eet eee a= 2 —2 or (e 
2. ‘aking in the inequalities of Exercise 1 m = 10,000, 
n = 1,000,000, we obtain 


0,001 — 1 —— 
2V 1,000,001 —2 Y 10,000< om t 
{ { 
3 1/10, 001 Tee 1/7, 000, 000 — 


<2Y 1,000,000 — 2 Y 9,999. 
Since 


2V 1,000,001 > 2 Y 1,000,000 = 2,000, 2Y 10,000 = 200, 
2V 9,999 = V 39,996 > 199.98 


(the last inequality can be easily checked, extracting the 
square root with an at of up to 0.01), then 


2,000 — 200 = 1,800 < — ae 


AST 


Be: : 


a V/1,000,000 
< 2,000 — 199.98 = 1800.02. 


=e < 


CRT 


08 


3. Multiplying the inequalities of Exercise 2 by 50, we 
shall get in our designation 


90,000 < 50z < 90,001; 
hence 
[50z] = 90,000. 


4. For n = 1, it is obivous, that the inequality is true 
re 
2° 3441 2° 
Assuming now that the inequality is true forn =k 
1 3 5 | { 


—- @ —=—— e =——— 


2g ie OR OES ape (a) 
prove that it is true for n =k + 1, that is, prove that 
1 3 =9 2k—1 2k-+1 1 


—e —— © 


2 4 6 °° 2k We Sapa ”) 
Multiplying the inequality (a) b 2krl we get 
plying q y Y Oe2” g 
1 3 °5 Qk—1 2k+2 { ok 4 
204° 6 8 Be BRAS 7 /3R 7 2k+ 2" 
What is left is to prove the inequality 
1 2k-+4 { 
V3k+1 2k+2 ~ V/3K+4 | 
Multiplying it by (2k + 2) V¥3k + 1 V 3k + 4 and squaring 
both parts of the obtained inequality, we get 
(2k + 1)? (Bk + 4) < (2k + 2)? (2k + 1), 
or 
12k + 28h? -+ 19k + 4 < 12k8 + 28h? + 20k + A. 
The latter inequality is obvious, since k > 1. 
This proves that the inequality 
1 3 2n— ‘1 1 
ee ee ~ On S80 1 
is true for all n. 
5. Assuming in the inequality of Exercise 4 that n = 50, 
we get 
1 3 99 4 1 1 


; 
2°E °° 100 Ver Visi ~ Vi 12 
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6. Assuming y = 6 — az, x = 6 — y, we shall bring the 
problem to finding the greatest value of the function 


(6 — y) y? = by? — y? 


when 0 < y < 6. Assuming then, that y? = z, we shall get 


the function 
3 


6z — 22, 
whose greatest value (refer to note on p. 34) is equal to 
| i) 
3 6 2 a 
(2—)(3) Zo 0.5 = 32 
2 2 


and is obtained in the point 


The function 6y? — y® takes the greatest value in the 


point y = Vz = 4, and this value equals 32. 
The function x (6 — z)* attains the greatest value of 32 
in the point zx =6—y=6—4 = 2. 
7. The volume of a box (see Fig. 4, p. 38) equals 
V = 2 (20 = 22)? = 42 (a = 7), OS = a. 
Assuming y =a—az, y* = 2, we get 
3 
V =4 (az — 2). 
3 


The greatest value of the function az — z? is obtained 
in the point 


Therefore, 
: = 2a a 
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ES ES OR el Ee ee EE SS LS Lt TT a aT 


er ee ee a i ee et a i A A a ee 


Thus, the volume of a box will be the greatest, if the 
length of the side of the cut-out square is = that of the 


side of the given square. 

8. The least value of the function x® + 82% + 5 equals 5 
and is obtained when t=: 0. 

9. Assuming y = x”, we shall bring the problem to finding 
the least value of the function 

y> — 8y +09 

for positive values of y. 

In Theorem 5, we have proved that the least value of the 
function y® — 8y is equal to 


3 2 
8 \3-1 8* = 32 6 
a ($= 22 
32 
The least value of the function y>—8y-+5 is equal to 
a a: ies 


10. Assuming = we get the ae 


1 { 
= 1 or 1 
y —ay* =a (~y—y*), a>O0, aie ke 


By virtue of Theorem 5, the greatest value of the function 
1 


< y—y® is 
i 
04 
1 =! 4 
(NF) te G)* 
o6 


1 


_1i-a (=)*" 
— a OL : 


Multiplying the last quantity by a, we shall find the greatest 


value of the function a (= y — ye ) which is, hence, equal to 


1 ic 


tay -(Z)""=a-9(3) "= 
=G-a (a) 
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11. The function WY x —2xz, x>>0, a=T, a= 2, has the 


greatest value, equal to 


Therefore, for all x>0O the following inequality is true 
VE, or Veco toe. 


12. Write down the inequality (8) in the form of 
( n-+-1 


n 


\"< é, (n+1)"<en". 


If n>3>e, then 

(n+1)"< en®< 3n"< nn =n"), 
Raising both members of the latter inequality to the power of 
a we get 


n(n 4)? 
a Sy. 


13. Since 1 V2=//8< y 9=/ 3, then ,;/3 is the 
greatest of the numbers 1, )/ 2, ;”3. On the other hand, 
in the previous problem we have shown that the sequence 


of the numbers j/3, 4, ..., 7/2, ... decreases. Hence, 
/3 is _the greatest of the numbers 1, Vide GOs was 
Loa Masia ¢ 


14. Suppose i n=1+a,, a, >>0. Raising to a power 
of n we get 


Assuming that n>2, +z 21, taking Theorem 3 as the 
basis, we get 
n 


aA 2 2, 
(1+ on)? >1—San, n>(1+f an) =1+ no, +5 ah. 
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Hence, it follows that 
3 4A 
n>= ah, On <i On< Tt a ee ‘Vn’ 
Note. Using Newton’s binomial, it is easy to check that 


Maes 2, 


Indeed, 
(44+)/ 2) re eee ce et 
—1) 2 
+25 = ie 


Hence, it follows that 
n/— ey 
Wa<Aty 2. 
15. When n = 1 and a, > —1, the inequality is obvious 
1ta,>Sic+ a,. 


Let us assume, that the inequality is true for n = k, 
that is 


4+a,) (14+a,)...(+a4,) > 
Sita tag t+... + ay. 


Multiplying both members of the inequality by (4 + a@p+,), 
we get 


(1 + ay) (1 + ag)... (1 + ay) (1 + Gyty) & 
Saya aD ea = 
= 1+ ay +... + Aq + Opty + QyQpty + 


+ GoApty +e -  Ondety- 
Since the numbers a,, d., ..., @,, A,4, are of the same 
sign, then 
AyAnt+y + Uedpty +--+ + Apde+, 2 O 


and, therefore, 
(1 + ay) (1 + ay)... (A + ay) (1 + ny) & 


eel + a, 4+ 4,4... + Oy + Gat, 
that is, the inequality is proved also forn = k + 1. 
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This finally proves the inequality to be true 
(1 + a) (4 +4,)...(1 + a,) > 
St apa, bcs ha) 


for all n. 
16. If the polynomial (a,x — b,)? + (a,x — b,)? + 
. + (a,x — b,)* has a true root x = z,, that is 
(aX, — by)* + (det, — by)* +... + (Gnt, — 5, )* = 0, 


then every number a,x, — b,, @o%, — by, .. ., AnX, — by, is 
equal to zero, that is, 
b b b 
X4 ees = coat =r a soe F 
a4 ao an 


Thus we proved that the polynomial 
(ae = b,)? + (ase bs)? ee Ge b,)* 2 
= 2 (ai +ap+...+ ah) — 
— 24 (a,b, = gb, + «~~. + nbn) + 
SAO a 03 ap si 2 ef DR) 
cannot have two different true roots and, therefore, 
(a,b, + Goby +... + A,b,)? — 
(i+... +03) +...4+2) <0, 
From this follows the inequality (19) 
(a,b; + Agby + ~~. + nbn)? < 
<(aitatt... + a3) (be + O24... + 03). 
Notice, that the sign of equality holds only when the 


polynomial under consideration has a true root, i.e. when 
| Gi) Oo, 


by bg 
17. Using the hed (19), we get 


on 
by 


c= ( Ay + Ag+-.+- + an )" _ 
a 1 an 1 2 
<(24+2+4...44)(2+24+...+2)= 


n 
_ a+ag+... +a — 


- Cs. 
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Hence, it follows that c,< c, (the arithmetic mean does 
not exceed the root-mean-square). 


18. From the inequality 
(Vnt14+Vn—1)'H=n4142V r2—-14+n-1= 
= 2n+2V nt—1<2n+2)V n= 
it follows that 
Vn4+14+Vn—1<2Yn, 


{ { 
Va VatitVeot 
_ Vayi-Vn=i _ Varina 
(Vn+1+ Vn—1) (Va +i-Yn—1) © 
Multiplying by 2, we get 


VE HV ni=V n—1; 


19. Setting in the inequality of Exercise 18n =2,3,...,Vn 
av at, 
qa <V4-V2, 
7 i V5—YV38, 
a7 <VE-V4, 


4 ( emetal rene ————— 
Bt a] | cee ps 
Vat n+1 Vn 1 


Combining the written inequalities, we get 
1 1. 


5 ya tae <VntitVn—V2-4. 


Adding 1 to both parts of the inequality, we finally get 
1 1 4 4 4 
4 fae ns eoat canary as — eee —— <= 
v5 Va vit w Tae 
<VYnt14+Vn—YV2. 
65 


Note. It was proved in Sec. 2.1 that 
1 1 1 ——- = 


The numbers Vn +i+Vn—Y2 and 2V¥n+1— 
—2Y2 +1 differ from each other less than by 0.42. Each 
of these numbers could be taken for an approximate value 
of the sum 

1 


1 1 
Ita tat ce a rage oa 
Let us notice without proving, that the number Vn + 1 -- 
+ Yn—Y2 differs less from the number z,, than the 
number 2VWYn+1—2YV2+4+1. 


3 
20. The function ats takes a negative value when 


x <0. Therefore, the greatest value of the function is 
obtained for positive values of z. 
Since 


ees ee 
xA4+5 5 (L242) ’ 


then the greatest value of the function is reached in the 
same point in which the function = x + x takes the least 


value. It follows from Problem 4 Sec. 2.1 that the least 
value of this function is equal to 


-3 


ee 3 
a+a(S)  -4(4)* 


3 
The greatest value of the function 2 ae 7 is equal to 
3 
1 154 15 38 
_ 204/15 A 4/15 


1 
5-4-(35) 
To find the greatest value of the function x*—0.6z!°, we 
get y= x8. It is clear that y>O. The function 


y—0.6y? =0.6 (*2y—y*) 
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takes the greatest value (see the note on p. 34) equal 


10 
“6. 
10 
, 10 \ 67! 
10 Vf 6 
6 


“1 Assuming in this exercise that y=—, we get 


The least value of 


he function y 4-ay, as it follows 
from Problem 4 Sec. 2.1, ix ae to 


. 1 
(1 +-—- 7) iiss je (ha) 
1 

Assuming —- (4a) —=2.5, we get 


a a2; 4092, @= 8. 
22. S=1— gig—ata- peo 
ice Ladadel tot e.-)o 
2(s+atet tis = 
-(t4ft gt et dt gt 
kd bl a 
5 (t+a+art-- jap F=5- 
(we have used the equality (27)). 
23. Since a>0, then a+1>>1 and, hence 


(142) 14-4, 
(1-4) 31 — te 
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to 


~ Multiplying these inequalities by n't“, we get 
(n+1)'*% >> nite4 (14a) n%, 
(n—1)'*% > n't¢—(1 +a) ne, 
From these inequalities it follows that 


net (ya) (AE TST 


ita 1+a 
Write these inequalities for the values n=1, 2, 3, ..., nm: 


<n =< 


4 gita_ 4 
1+ <t< 1+a ’ 


gita_ 4 a gita_9ita 
1tea 1-+a ? 


(n+ 1)!+%_ pita 
1-+a 
Adding them, we get 
nite (n-_Ayite_4 2 (n-+1)'+¢ 
4ta 4ta ™~ {ta ~ 
24. It follows from the inequalities of Exercise 23 that 


(it) 
a 1 9% a a are 
4 eye +3°-+...+n < n 


1ta nita@ 1-+a ; 


ee es Be, BNO 


The left-hand member of the latter inequalities is a constant 


number 


— , and the right-hand member tends toa limit 
1 
ita’ 
member of the inequalities tends to the same limit as well, 

that is 


equal to 


when n tends to infinity. Hence, the mean 


4 QF B% 1... tn 4 
es eet 
25. Let us introduce the designations 
A =a? +a2?+... +45, 
B= b+ 58+ ...+0%, 
C3—ef+egt... +e, 
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“y= A? Lo A? », th >= A”? 
by be bn 

y= B? Yo = B”? > a= B°? 
C4 Co Cn 

41 = 3 2) ’ aaa i 


On the basis of the inequalities (7) we have 


aybye, = ABC 2 y424< ABC ewes : 


Agbe ly = ABC XeYo%q,< ABC BOTS , 
AnOnln = ABCXypYn2n< ABC Sat UAT oe : 
Adding the written inequalities we get 


A4D4Cy + Agbgla +... + Anbnln< 


< Ape (tsb bok | otto beth chat 
Taking into consideration the introduced designations, it is 
easy to calculate that 


3 g_ 4f4a34+-...+a, AP 
M+ a+... +t =e eae, 


yityet... ty=Hl, F+at+... 48 =1. 

Hence, 
a404Cq + dobola +... + Andy < ABC (= pees os =) = ABC. 
Raising both members of the inequality to a cube, we finally 
obtain | 
(Q4b4C, + Agbgcg + ... + Gnbnc,)? < AP BC? = 
== (a2-batt... a8) (+ B+... +B) (teat... +4). 

26. Write down the ae aa (24) for different values of n 

in a 


n 
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Adding these inequalities, we get 


Ssc se ete es ee 
<n gp ot 
that is 
In 2" In (k+—)< 
<24+s tat fo cin— = 
n (k+——_). 


If n tends to infinity, then In (k +) tends to In & and 


In (x ++ —_ tends to the same limit as well. Therefore, 
, 1 1 1 
bee (-+sa7+ a +35)=Ink. 


27. By virtue of Theorem 6 
1 


4 ' —-- ——_—_ — 
Waa yes ag 


v2 f(t eee a a 
~ 2972 (aS V/ 108+ 2 oF Se an / 2-106 
V2 (4 es 
xa | wart aT — van): 
| | a. 
The second addend is negative but greater than— > 


2—V2 
— 1.9. The first addend, according to the inequalities (28), 
satisfies the inequalities 


= (VY 2-101 1h 181) 


a aan Oe Pe sk ! 
= 2-VR = 9/106+1 / 106-12 ee ae 9/ 2-106 = 


<— v2 ray 2-10 108 — ,/ 108) 2 — 15,000. 


a 


= 
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Sinee the extreme terms of the latter inequalities - differ 
from each other very _ (less than = then 


15,000—2<14+4= ra == < 15,000. 


7 5 +7 {06 
406 
The mean number 14,999 differs from Dy 


28. By virtue of Theorem 6 
1 1 
La eee 


ae 1 1 4 
= ao Loaaetegar ts tae lo 


2 1 1 1 
— —__—_—_—— 4 ——— SST ee ere = n—Pn; 
2—2% | ga ' 30 (ny | 2 


where 
ge { 4 4 
Foe feet eueray as pile ae ae 
oe { { { - 
eee A ee See ve cg : 
Bb, 9 9% | 9% + 3% al 


The number B, is a partial sum of the series 


Seo 


This series is sign-alternating with monotonically decrea- 
sing (by absolute value) terms. Its remainder (by absolute 
value) is not greater than the absolute value of the first 
4 


term of the remainder, that is, the number ae 
—_ n 


Since this number tends to zero when n—-»oo, then the 
series converges and 


ime = rt ac, 
aes a+ al ) 
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we meet ne 


that is y, = B,—C is an infinitesimally small value. Now, 
using the inequalities (28), we get 


OG 1-—a@ {=~ 
Spe Hen— 4) —(n+1)"]<4A,< 
2 1-a 1-a ni-@ 
<< 1Gny tnt] 


Since the difference -between the extreme terms of the ine- 


qualities tends to zero when n— oo, then 6, =A, — ae 
—-@& 

is an infinitesimally small value. 

Thus, 
1 i 
ea ee pager cea ae 
1-a@ dak 

=F on C4 tn = C+ Bn 


where 8, =46, +, is an infinitesimally small value. 
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